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SOME NEW DYNAMICAL EFFECTS IN THE PERTURBED EULER-POINSOT PROBLEM,
DUE TO SPLITTING OF SEPARATRICES

S .A. DOVBYSH

An investigation is presented of a series of new qualitative dynamical
effects, due to the phenomenon of the splitting of the asymptotic surfaces
(separatrices) of perturbed permanent rotations in the motion of an
asymmetric rigid body with fixed point in a weak gravitational field (orx,
in greater generality, an axisymmetric irrotational field). A quantitative
index of the non-coincidence of the separatrices is defined and appropriate
estimates are established. Conditions are found which, when imposed on

the parameters of the problem, imply the existence of invariant tori
separating perturbed hyperbolic permanent rotations. It is shown that for
almost all values of the parameters there exist quasirandom motions due

to the existence of transversally intersecting separatrices. Bifurcation
effects, represented by infinitely many changes in the qualitative
behaviour pattern of the trajectories as the Poincar€ parameter tends to
zero, are observed and studied, This paper is a continuation of /1/.

1. Splitting of separatrices and the method of normal Moser coordinates.

Let U be a domain in the real plane R?{s', 2?}, and y a small parameter, |u|j<e  We
consider the system

drt  8H dzt  oH (.1
dp =~ 6z*’' dp dx!

(H (2%, 2% @, p) = Ho (+*, 2°) + pH, (&', & @) + .. )

where the Hamiltonian is a 2m-periodic function of the time ¢, analytic on the direct product
U {2, 2%} x S' {p mod 2n} X (—e, €)

Let the unperturbed Hamiltonian system

i _ oH,  dad _ _ oH, .
T = EE dg <~ T e #-2)

have fixed hyperbolic points z;, Z,, z3& U (z; and z; may coincide), connected by two
doubly asymptotic solutions z,* (¢), z,* (p) that lie in the interior of U:

lim z* (¢) = x5, lim 2,* (9) = Tp43} =1,2
Pt

P00

The solutions that are asymptotic as ¢—> —o or ¢-» 400 to a given pericdic hyper-
bolic solution form two invariant surfaces, known respectively as outgoing and incoming
separatrices.

System (1l.2) has two pairs of coinciding (double) asymptotic surfaces of hyperbolic
periodic solutions: the outgoing separatrix T,” of the solution z =z, and incoming separ-
atrix T, of the solution Z = z;,, on the one hand, and the outgoing separatrix T, of the
solution r= z, and incoming separatrix TI,” of the solution z = z3, on the other.

If p=~= 0 is small, the 2m-periodic hyperbolic solutions z=uz;({ =1, 2,3) and their
asymptotic surfaces do not disappear, but are conly somewhat deformed. In the general case,
howevey, as cbserved by Poincaré, the separatrices may cease to be double (split) for small
values of the parameter p=+=0.

Suppose that for small p">,0 the solutions z = z; became solutions z = z;(p) and
the perturbed separatrices T\, I)” and T, T,” split and do not intersect, so that T”
lies to one side of I’ (a section of the plane ¢ = const is illustrated in Fig.l). Simple
sufficient conditions have been derived /1/ for the separatrices I\” to remain distinct for
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all small p >0 and the results have been used tc study the sepatrices of the perturbed
Euler-Poinsot problem. The proofs were based on the use of normal Moser coordinates (see
below) .
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Fig.l

The "“uniform version" of Moser's theorem states the following. There is a change of
variables

xzq)(gv LT ”)=¢0(51n)+p’®1(57n1 q3)+
a2t O E =1, ©,0, 0 =z

which is real-analytic in &, n, ¢, u for sufficiently small |§ ], [n |, | p]| and 2m-periodic
in @, under which system (l.l) assumes normal form (the dot denotes differentiation with
respect to w)

dt/de = 9F/dn, dn/dg = —OF/ok 1.3)
@ =1t F (o, p) = Fy (@) + pFy (@) + ... Fy(0) = A>0

We may assume that the outgoing separatrix m =0, £>0 isT,, and the incoming separ-
atrix £§=0,1>0 1is T/. The coordinates £, 1, ¢ are known as normal coordinates. Using
them systematically, one can detect and investigate various new dynamical effects due to the
splitting of the separatrices., The important points here are, first, that system (1.3) is
trivially integrable, and, second, that one has formulae transforming from normal coordinates
in the neighbourhood of the solution z = z;(p) to normal coordinates in the neighbourhood
of the solution z = i, (9) /1/, These formulae are defined in neighbourhoods V; of the
separatrices I/, I" that do not contain the unperturbed solutions z = z;, r = 2;,,, respectively.
In domains of type V; and V, it is convenient to transform from £, n to coordinates J, ¢
and J, @,, respectively, where J = p'w and the phases ¢,, ¢, are related to n, £ by the
conditions

n* (v + @) = @, (0, 1 exp (—AT)) (1.4)
z,* (T + @) = @, (€ exp (A1), 0) (1.5

A special role in the transformation formulae is played by certain improper integrals

—+o0
Ji(g) = S (Hy, H)Yz:* (v — @), Ty dt

—o0

known as the characteristic integrals, which are 2m-periodic functions. In particular, to a

first approximation with respect to u the transformation formulae in V;, expressed in terms

of J, ¢, ¢, coordinates, depend only on the functions J,; (¢) and the characteristic exponents

Ay, Ay of the unperturbed hyperbolic solutions z==1z;, = z;;,,. Therefore, the relative

positions of the separatrices T/, I'l” are determined by the behaviour of the functions

J,(p) /2, 1/. The case illustrated in Fig.l is possible only if J, (9) >0, J, (¢) < 0.
Henceforth, R,,..., Ry, will denote certain analytic functions and C;,..e, C; constants.

2. Criteria for separatrices to be distinct. Order of non-coincidence.

Definition 1. We shall say that two positive variables quantities (depending on u) are
cf the same order if their quotient remains bounded between two positive constants (for all
small u > 0).

Definition 2 (see Fig.l). Let W,, W, be small, fixed neighbourhoods of the unper-
turbed hyperbolic solutions = z,, r= z;, whose boundaries JW,, oW, are smooth surfaces
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transversally intersecting the unpertuxbed separatrix z,*. Consider the sections I}, I')"~
of T,", I,” 1lying near z,* outside the fixed neighbourhoods of z,, z,. Then the index of
non-coincidence (IN) of the separatrices T,", I')' is defined as the infimum of the set of p
such that I, lies in the p-neighbourhood of I',™,

We shall assume henceforth that J,=0 or J;==0, i.e., splitting of at least one
of the separatrices ,*, z,* is captured by first-order perturbation theory.

Theorem 1. 1) Definition 2 may be modified in either of several ways: a) replacing zs*
by z,* and the neighbourhood W, of the unperturbed solution z=z; by an analogous neighbour-
hood W;of the sclution z=uz,; or b) taking other small neighbourhoods of the solutions
T=1I5, T=Ig or ¢) considering the set of p such that I,"™ lies in the p-neighbourhood
of T,”“. In any case, the new IN of the separatrices TI,”,T,” is of the same order as the
old one.

2) the separatrices TI,", I')” remain distinct for all sufficiently small p >0 if one
of the following conditions is satisfied:

A) For no C; is it true that

@ =—Jy(e—C,— A'InJ, (9) 2.9
B) For no C, is it true that
—Jo (@) = J (@ + €+ A In (—J, (%)) (2.2)

Conditions A and B are equivalent and, in particular, are satisfied if at least one of
the following criteria 1°, 2°, 3° is valid:

d d
1°0 Fhli@=>A or Zh(—l,@)<~—A

for some ¢ (this is true, in particular, if J,(p) =0 or J,(p) =0 for some ¢).

2°, The functions J,, —J, are defined in different domains.

30, One of the functions J,, J; 1is not identically a constant and has either a zero
or a pole on its Riemann surface; the complete analytic function /3/ corresponding to the
second function is univalent (these conditions are satisfied, for example, by real trigono-
metric polynomials) .

The equivalence of conditions A, B follows from the fact that identities (2.1), (2.2)
are valid for the same values of C,.

C) 4°. F,"(0)# 0 and at least one of the functions J; is not a constant.

3) if conditions A, B are satisfied, the IN of the separatrices [I,",T,” is of order yu.

If conditions A, B fail to hold, i,e.,, identities (2.1) and (2.2) are valid for some C(,
but criterion 4° is satisfied, then the IN of the separatrices is bounded between two numbers
of orders u and ~—p?lnp, respectively. Moreover, there exist sequences of positive 'p —0
such that the IN's are of minimal and maximal orders —pllnp and u.

This theorem is a sharper and stronger version of Theorem 1 of /1/. The rigorous proof,
though elementary, is rather cumbersome., Suffice to say that it relies on ideas from /1/ and
some standard theorems of analysis.

3. Non-coincidence of the separatrices in the motion of an asymmeiric rigid body in a
weak axisymmetric irrotational force field. We considexr the motioh of an asymmetric
rigid ‘body about & fixed point. Let a<b<c be the reciprocals'of the prin-
cipal moments of inertia of the body. We shall assume that the force field is weak and
can be expanded in powers of a small parameter . Fixing some total energy level h >0 and
an area constant 4, one can use isoenergetic reduction (also known as reduction of order, see
whittaker /4/) to transform to a reduced system of type (1.1), in which 2! =1, 22 =L, ¢ =g
are the canonical Andoyer-Deprit variables,

For p =0, system (1.1) has fixed points

Yo (L =0, Il = nmod 2n), y; (L =0, I = 0 mod 2x)

connected by doubly asymptotic solutions. For p =0, with suitable choice of parameters,
the separatrices may split and do not intersect. In that case we are in the situation studied
in Sects.l and 2, but the solutions z =z, (§), ¢ = z3(p) are identical. The separatrices I’
will intersect at least in two distinct homoclinic solutions, as follows from Mosex's in-
variant curve theorem and the fact that the succession mapping of system (l.1) has an in-
variant surface /1/.

In our previous paper /1/ we considered motion in a gravitational force field, when the
improper integrals J;(¢), evaluated along the unperturbed doubly asymptotic solutions, are
non-constant trigonometric polynomials /2, 1/ and so Critexion 3° is effective. 1In the
general case the integral J;(¢) need not be trigonometric polynomials. However, as follows
from the theorem below, Criterion 4° will apply if at least one of the functions J,(¢) is
not a constant.
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Theorem 2. 1In the Euler-Poinsot problem one always has F,” (0) == 0.
The proof relies on the fact that the unperturbed Hamiltonian —G = H,({, L) — 1is a
sclution of the equation /2/

1, (@ sin® [ 4 b cos? 1) (G* — L2 + Y,eL® = h (h = Y/,bG,)
The following theorem holds.

Theorem 3. Ildentities (2.1) and (2.2) cannot hold simultaneously for all four pairs
of neighbouring unperturbed separatrices (even with different constants (), if at least one
of the functions J; (¢) is not a constant. Thus, Conditions A and B are satisfied for some
pair of separatrices.

Indeed, identities (2.1), (2.2) establish a one-to-one correspondence between the
monotonicity intervals of the positive functions J, (¢), —J, (@), such that even interval in
which J;(¢) is an increasing (decreasing) function corresponds to a shorter (longer)
interval in which —J2(9) is an increasing (decreasing) function. The rest of the proof
is obvious.

4. Kolmogorov tori separating perturbed hyperbolic permanent relatioms.

Consider the motion of an asymmetric rigid body in a weak gravitational force field.
Denote the parameters of the problem by pr = (a, b, ¢, X,, Yy, Z,, H/G,), where X, Y, Z, are
the direction cosines of the radius-vector of the centre of gravity relative to principal
axes of inertia in the frame of the fixed point (the Poincaré parameter u here is the product
of the weight of the body and the distance between the centre of gravity and the fixed point).

Theorem 4. There exists a domain S, in the parameter space such that for small p >0
there exist two-dimensional invariant tori in a neighbourhood of the unperturbed separatrices
which separate perturbed periodic solutions y;, y,. Hence there exist no heteroclinic sol-
utions.

Proof, Let z;* (p) (i =1, 2,3, 4) denote unperturbed doubly asymptotic solutions, so
chosen that the points z,* (0) are equidistant from the fixed points y; (Fig.2). Let J;(g)
be the corresponding characteristic integrals, as calculated in /1/. We know that (_{y+t{

Ji (9)de = 2nJ,.

Fig.2 Fig.3
In the neighbourhood of the perturbed periodic solution y;, choose normal coordinates
&, m,, and let w; = &y In the neighbourhood of z;* we have formulae of type (1.5) for
the relation between | & mods | and the phases ;. Let II; be two-dimensional area elements

defined in the neighbourhoods of a;* by the equations ¢; = 0, Define coordinates in each
II; by ¢mod2m, I, = pl®;mede- Let j = (i+ 1) mod 4. To fix ideas, suppose that the
perturbed separatrices are situated as shown in Fig.3. In this case J,>0.

Lemma. The phase flow of system (1.1) carries each point (/;, ¢; =0, @), (—~11; >0 on
II; in time
Ag = — €y — A (In ((—1)°1) + In p) (1+ pR; (I, W) +
pf o o ]

into the point

Uj9; =0, ¢+ Ag)
(Iy =1, 4 A7, (¢) + pBsys (s, @, W)

lying on II;, provided that (—1)'7;>0.

The proof follows from Egs,.(1l.3) and the transformation formulae of /l1/. Thanks to the
symmetry of the unperturbed problem, the constant C, is independent of 7.

Thus, we can consider the mapping

Ui, 90 =0,9) >, 9, =0, ¢ + A9)
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of II; into II;; similarly, II, is mapped into the next area element. One can also consider
a mapping T of II, into itself - the composition of successive mappings of this type.

Fix constants A and 0< Cy <Y,  If the functions (—1)'*J, (¢) are S-close to A in
some complex neighbourhood of the real circle S* {p} (6 -close in the (“-metric), then for
sufficiently small p>>0,8 the mapping T is defined in an annulus Cy<< —I, <1 — C; and
is 0 (8) ~close in the C®-metric to the mapping T,

I, -1,

Q> —4C, —2A T (ln(—1)+In(1 + 1)) —4A 1 Inp

It follows from the formulae for J;{p) /1/ that, by suitable choice of the parameters
pr, one can guarantee the validity of these conditions. The mapping I preserves the Paéincaré-
Cartan integral invariant and satisfies all conditions of Moser's invariant curve theorem,
provided that 6 is sufficiently small and p << p(pr). The trajectories of system (l.l) pass-
ing - through the invariant curve of T fill out the required tori.

It is essential that § can be chosen independently of u. A similar result will hold in
the general case - the motion of a body in a weak axisymmetric irrotational force field - if
one requires that the characteristic integrals differ by a small amount from non-zero constants.

It is known /5, 6/ that intersecting separatrices form a rather tangled net, which can-
not intersect the invariant tori and therefore does not enable the tori to be determined near
the separatrices., One can prove the following result.

Theorem 5. If all J, (p)==0 and the pairs of functions &J, (9), eJ;(9) (where j = (i +
1) mod 4, & = F (—1)') satisfy Conditions A, B, then every invariant torus of the problem
which intersects the plane ¢ = const is a closed curve passing near x,*, z;* (where [ = (k -+

1)mod 4, k=1,2,3,4) or z* ... z* will lie in a domain around y; defined by | Wimod 2 | >
Cylpl, €, >0, provided that p << w (pr).

In this case the form of the mapping 7T, implies an intersecting phenomenon. The
Poincaré rotation number /7/ on an invariant torus (the limit of the quotient of the increment
to ¢ by the number of revolutions about the separatrices ,*, 2,*, z4*, z,*) will exceed —4
(Co+ Allnp— A™1ln 2)+ O (6). Let us call the torus situated midway between splitting

separatrices the "centre torus”. As u is increased, the invariant tori move from the neighboux-
hood of the centre torustoward the separatrices.As u is reduced, conversely, they move from the
neighbourhood of the separatrices toward the centre torus. It follows from Theorem 5 that

the rotation number on each invariant torus is at most —4(C; + A™'ln p). Summarizing, we see
that the migration pattern of the tori as u varies is as follows: a torus with fixed rotation
number is "born" near a separatrix (centre torus), moves, and then "dies" near the centre

torus (separatrix). Consequently, as u tends to zexo the invariant tori experience infinitely
many birth~death bifurcations.

5. A rigid body containing cavities filled with an ideal incompressible liquid.

If the motion of the 1liquid is irrotational at some instant of time, i.e., the
velocity can be expressed as the gradient of a univalent function, then by Thompson's Theorem
this property is conserved at all times. The motion of the rigid body will be described by
the Euler-Poisson equations, corresponding to the motion of a body whose mass equals the total
mass of the body-plus-liguid system; the inertia tensor is derived from that of the original
body by adding the tensor of added moments of the liquid /8/.

If all three principal moments of inertia of the system relative to the fixed point are
distinct, all results of Sects,l-4 and /l1/ remain valid. However, the moments of inertia of
the body need not satisfy the inequality al<< b1+ ¢1/9/. It turns out that as a result
the restriction A <1 /1/ is relaxed and A may take arbitrary positive values. To verify
this, it suffices to use the formula A = bl {(b— a)(c — b)]/ (see /1/) and to consider the
case in which the body contains an ellipscidal liguid-filled cavity. The appropriate formulae
for the added moments of inertia of the lgiuid are well-known /8, 1l0/.

It is proved in /1/, in particular, that there exists a domain §3; in parameter space,
satisfying the following condition. If pr& S, then for all small p >0 the perturbed
separatrices split, do not intersect and are situated as shown in Fig.3; in addition, there
exist sequences of positive numbers p,* -0, u,” -0, n >0, such that at pu=p,” the out-
going separatrix I, and incoming separatrix I, intersect near the unperturbed separatrices
2%, I,*, r*, and at p = p,* they do not intersect. Thanks to the fact that A may now be
increased at will, one can prove the following result..

Theorem 6. 'There exists a domain S, S; in the parameter space, satisfying the
following condition., If pr& S,, there exist sequences of positive numbers p,* -0, p,” —
0, n —-oco such that at u = p,” the separatrices I'; and T, intersect near %, &%, z3*
and at p = u," there exist two-dimensional invariant tori situated near %, 2%, 2%, x,*
and separating the perturbed permanent rotations y;. Consequently, as p >0 approaches zero
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one has infinitely many birth-death bifurcations of heteroclinic solutions and separating
Kolmogoxov tori.

Outline of proof. We first observe that the proof in /l/ can be considerably simplified.
Indeed, if Xy;=24=0, Yo=1 we have

Ji(g)=(— l)i(ao——aycoslp), P=1,2
(@) = (= (a0 + ¢ cos @), =34
Fix g, = —1, 1/¥5< e, <1, and choose A to be sufficiently large (A>>A(q) (which is

possible, see /1/). Then the formulae in /1/ take a rather simple form and involve small
terms O (A7) The sequence K,~ will correspond to the following number ¢ /1/:

(t=Cs+ Allnp -+ 2rn+ A™1ln AL, n= [—In p/(2nA)])
satisfying the condition tmod n= #/2, and the sequence u,* to a number ¢ such that rmodn =0.
It turns out that if g; is not an element of a certain (probably empty) set, which has no
limit points in the interior of [0,1), then one can take sufficiently small numbers p>0
such that tmod2n=0 to form the required sequence u,*. The proof relies on the fact that the
mapping T constructed in Sect.,4 is close tc the identity,

We now proceed to a more rigorous discussion. Let p >0 be sufficiently small and
tmod 2n = 0. After a few easy manipulations, using an idea from /11/, one can show that the
mapping 7 is an exact canonical mapping in the coordinates s = s (I;) = Al + O (p), 9 med 2x, which
is (0 (A") -+ O(plnp)) -close together with its first k derivatives to a translation during a
time Al along the trajectories of the autonomous system

¢ =—0H[ds1, s1" =3H[igp (5.1)

4 N
H= 070", f@=0nr—17

i=1

81 = 514+ G, (9), Gi((p)=2.fj(cp), G, =0
J=1

Here the estimate O(plnp) depends on A, the estimates 0(A-?),0(nlnp) are uniform on
any compact subset of the domain of definition [aycosg|—1<s;<<0 of H and k is any pre-
assigned natural number. (In general, it is ocbviously impossible to ensure smallness in the
C®-metric for large A, since the width of the corresponding complex domain depends on A and
may tend to zero as A — o)

The trajectories of system (5.1) are levels of the Hamiltonian A. Using the implicit
function thecrem, one can show that a level vy, H#=H, is given by an equation s = g(g),
where ¢ ranges over the entire circle S, if and only if H, lies in the interval (f{1-- e, +
F(1— ay);f(2e)) —2f (1 —ay)), which is non-empty for 0 < e <1. The time T (H, necessary for a
phase point (. 9) =7 of system (5.1) to return to its initial position is not constant when
ay =0, and so, by analytic continuation, the same holds for all g4,=(0,1) with the possible
exception of a subset with non limit points in [0,1). Then, by Moser's invariant curve theorem,
the mapping T has an invariant closed curve Y close to some level v, if 4, A are sufficiently
large and u< p(pr). The trajectories of system (1.l) passing through a curve yCII, fill
out the required invariant torus, which separates perturbed hypexbolic solutions 7y, v. It
remains to cbserve that all points in the parameter space close to those chosen in the proof
also possess the necessary property.

Suppose now that some of the liquid-filled cavities are not simply connected. Instead
of assuming that the liquid is in irrotational motion, let us consider a similar but rotational,
eddy-free motion; then the Euler-Poisson equations will include small gyroscopic terms /8/.

In that case Theorem 6 remains valid.

6. Transversal homoclinic solutions and quasirandom motions in the dynamics of a heavy
rigid body. Under fairly general assumptions, the existence of transversally intersec-
ting separatrices implies the existence of quasirandom motions (a theorem due to
Alekseyev /12, 13/). 1In particular, as observed by Ziglin, guasirandom motions will appear
in the perturbed Euler-Poinsot prolem if the splitting separatrices are transversally inter-—
secting. This will happen when all the functions J; (@) are of fixed signs. Supposing the
contrary and omitting the Hess-Appelroth case, one cbtains the model problem of Sect.l, with
the hyperbolic periodic solutions z = 2, (¢), £ = #3 (9) coinciding and

Jo(@) =c+ aycos @+ Bysing, —Jy () =c+ aycos @+ Bysing (6.1)
where J,(p)>0 for all ¢, and the assumption that the separatrices [y, [\,” do not
intersect for small u >0 is relaxed (if mingJ, (9) =0, then the separatrices r’,ry

may also intersect, but this effect is not captured by first-order perturbation theory) .
By the remark in Sect.3, an intersection of separatrices I',” consists of at least two
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homoclinic solutions. It turns out that the space
G= {(c! Av llv lz)ER‘: Cz} ll>07 l’>07 A>0}
contains a closed set M, with no interior points, satisfying the following condition: if

(C, A’ llv li) =] G\ Ml)
L=a?+ 823 =o'+ Ba?

then for any sufficiently small p >0 the separatrices TI,” have at least one transversal
intersection (homoclinic solution). Using the form of the expressions for J; () /1/ and
Alekseyev's theorem, we obtainthe desired result.

Theorem 7. The parameter space pr of the perturbed Euler-Poinsot problem contains a
closed set M, with no interior points, such that if pr& M and p << p(pr) the problem
has quasirandom solutions. The sets M,, M have measure zero.

The idea of the proof is based, first, on the fact that near I, the separatrices I,", I,"
are regular analytic surfaces which, as surfaces defined in the space

Rl {s = Apte} X {p; & (—Cs, Co)} X St {g} (6.2)
are O(nlop) -close in the (®-metric to the surfaces

s=Jy (), Y= —t—~ A1InJ, () (6.3)
s= —J3(he)s V2= @ — o

and, second, on the following sharpened version of the remark in Sect,3: the separatrices T}"
have contact of even order for at least two distinct homoclinic solutions. Assuming that
for arbitrary small p>0T," may have contact of order greater than one and letting n—0,
one sees that the conditions (¢, A4, L)e M, and 5 <& imply the existence of a4 i such
that o2+ B2=1 and

=0, =a, [f=(u—B)*ub (6.4)
B, [aB? — 3uaf, + 20u® + Au(cx + L)) =0 ©.5

where u= A(e+a)=+0. It follows from (6,4), (6,5) that for each triple (A,¢ ) there are
at most seven values of I; such that (c, A, L, L)) = My. The set M, is a subset of the set of
roots of a certain polynomial.

7. Birth~death bifurcations of homoclinic and periodic solutions in the dynamics of a
rigid body.

Theorem 8. Fix i =14,2,3,4;j= (i +1)mod4  There exists a domain S§; in the par-
ameter space of the perturbed Euler-Poinsot problem such that for pr&S; and p>0:

1) as p —0 all homoclinic solutions that pass once through the neighbourhcod of two
unperturbed separatrices z;*, 2;* experience infinitely many birth-death bifurcations.

2) There exists a constant C, such that as p —0 all periodic sclutions yy of the
reduced system (1,1) which pass once in a period 2aN > C, — 2A'lnp through the
neighbourhood of two unperturbed separatrices z;*, z;* experience infinitely many birth-
death bifurcations.

At the same time, every such homoclinic or periodic solution exists as long asln premains
in a certain interval, whose length is less than a finite constant C; depending on pr,

3) The domain S, may be so chosen that for n>0, p -0, the numbers of all homoclinic
and periodic solutions considered in parts 1 and 2 take two distinct positive values infinitely
many times.

Outline of proof. It will suffice to consider the problem studied in Sect.6. Fix A>0,
¢>0 and choose numbers a, B, #0,8,=p,°0 such that },=a®+82<¢? equalities (6.4) hold
but (6.5) does not. Determine I, = a4 f,;2. Now let the arbitrary numbers o, B; occurring
in formulae (6,1) for J;(p) satisfy the conditions ;24 B2=1, where l; are the numbers
just evaluated. Then for some values of P, =9,°, P, =1%° =1 we have

Ji(h) = —J, (f) = c+ @ (7.4)
aJy (py)dp, = —dJ, (o) dpy = —B,° 5 0
42y () d,? = —d?Vy (P)/ dipy?
W=, —t — ATIn J; ()

Conditions (7.1) are sufficient to ensure that pre=S§,. We now modify the numbexs o4, B
slightly, and then, using the implicit function theorem, establish that conditions (7.1) are
again satisfied for certain values of Y5, ¥yt close to ° % & respectively. Thus it
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may be assumed that the set S§; is in fact a domain.

Let t,nw,9 be normal coordinates near the solution z = z,(¢) = z3(9), J' == p1&'n’. With the
coordinate £ in V; we associate a phase ¢’ by a formula of type (1.5), and with v in I,
a phase ¢, by a formula of type (l.4),

The proof that conditions (7.1) are sufficient relies, first, on the fact that as u goes
through values corresponding to ¢=t,mod 27 there occurs a birth or death bifurcation of two
transversal intersection curves of the surfaces (6,3); second, one uses the O(ulnpu)-closeness
of Iy, T,” to the surfaces (6.3) in the space (6.2); and, third, the fact that the sclution
Yy is in a domain 0<J <, where €, = Cy(C;) — 0 as (7;-»o0; the following assertion is also
needed.

Lemma. Suppose that for some ¢=1¢ the curves (6.3) defined on R!'{s} X §*{¢,} have a
transversal intersection, Then for sufficiently small p >0, corresponding to t =ty mod 2x
and sufficiently large C; periodic solutions yy exist with the required properties in the
neighbourhood of a suitable transversal homoclinic solution.

It is convenient to deal with this problem in terms of the succession mapping for system
(1.1), defined in the plane ¢ = const. Let g¢=z(¢), and let »r be a transversal point of
intersection in 7V, of the curves cut out by the separatrices I;" in the plane ¢ = const. The
existence of the solutions yy is guaranteed by the method of symbolic dynamics /12-14/. By
/13, 14/, to that end one must choose neighbourhoods V, V; of the points ¢,r possessing
certain properties (in other words, one must construct a suitable marching scheme /14/). 1In
the neighbourhood of r we have coordinates J,’=J’, ¢,, and also coordinates J) =J, ¢
obtained by continuation along the separatrix Iy". It turns out that a suitable choice of
Ve Vr is the pair of curvilinear parallelograms defined by the conditions |E|<Vmp, I7'|<

Vie and |Jy|< Cy |2/ | < Cpp, respectively, where |lnp— Cy|<nA for small p>0(Fig.4).
The method described hexe for constructing a marching
v scheme /13, 14/, based on using normal coordinates, is
1 always applicable when the existence of transversally
intersecting separatrices follows from first-order per-
turbation theory (see examples in /6/).

' The proof of part 2 of the theorem relies essentially
on the fact that every periodic solution must pass near
some transversal homoclinic solution, and therefore is
born and dies together with the latter. It is noteworthy
that a similar phenomenon of the birth of periodic sol~
utions close to transversal heteroclinic solutions has
been cbserved in a numerical context /15/.

In order to prove part 3 of the theorem, it suffices
to establish that the domain §, can be contracted in
such a way that for any ¢< §' the surfaces (6.3) are in

Fig.4 contact along at most one curve s = const, P, = const, the
contact is of first order, and the tangent plane is not
parallel to the v, axis (see conditions (7.1)). It can be shown that these conditions are
satisfied if «, B, are chosen as the numbers o=} 4, B, =) B, where A2+ B? =1, B0, with

B,y sufficiently small (|B|<Bs h <4 (B)). In that situation the surfaces (6.3) are in

contact for only two distinct values of t¢e< SU
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PLANAR STANDING AND MARKING-TIME REGIMES OF
A BIPEDAL WALKING DEVICE"

V.V, BELETSKII and M.,D., GOLUBITSKAYA

A walking device standing on one leg, not fastened at its points of
support, is considered. A study is made of how the device maintains
equilibrium of its supporting leg by compensating oscillations of its
body. Phase trajectories are analysed. Conditions are investigated
under which one-way communication is maintained and discontinued while
the device is moving, Marking-time regimes are constructed.

The problem of a standing walking device is interesting, first, as a
problem in the dynamics of servosystems, and, second, as a limiting case
of the problem of locomotion. Marking-time regimes may be used in con-
structing a model of space locomotion**, (**Beletskii V.V. and Golubitskaya
M.D., Model problem of the dynamics of bipedal space locomotion. Preprint
194, Moscow, Inst, Prikl, Mat. Akad. Nauk SSSR, 1982).

1. Description of the model. Equations of the standing problem. We| consider a bi-
pedal walking device consisting of a heavy rigid body and a.pair of identical wéightless
legs (Fig.l); each leg may consist of one or several segments. The legs are attached to the
body of the device by double hinges at a point 0. The device is assumed to be supported on
one leg only. The leg is in contact with the supporting surface at a single point S, at which
there acts a reaction force Ry communication with the surface is one-way (non-restoring).
At the hinge 0 a controlling torque Q. acts on the body and a torque —Q on the leg.

We assume that the supporting leg is maintained in equilibrium - the suspension point O
and support point S remain fixed. The system is subject to feedback: the motion of the body
is designed to maintain equilibrium of the supporting leg.

We shall consider planar regimes of motion. Fik a coordinate frame NXYZ (Fig.l),
where N is the origin and the NZ axis is directed vertically upward. The support and
suspension points are assumed.to lie in the NYZ plane: S = (0,d, (), where d = const, 4> 0/
is the horizontal displacement of the support, and O = (0,0, H), where H = const, H >0, is
the height of the suspension point of the legs. It is assumed that the body does not spin;
the centre of mass C moves in the NYZ plane.

We adopt the following notation: 6 is the angle between the NZ .axis and the vector OC
in the positively oriented system NXYZ (Fig.l), t is the time, g is the acceleration of free
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